Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 




600007495V 



3k . '^'^ 




600007495V 



3i'- . vt-*% 



I 



J 

1 



I 

ll 

I 

I 



1 




1 


1 


tat 
PIBST THBEE SECTIONS 

NEWTON'S PHINCIPIA 

WITH AN APPENmX. 
rria3i.lM. 


1 


1 




1 



iL 



sfS. 



FIRST THREE SECTIONS 



NEWTON'S PRINCIPIA, 




CAMBRIDGE: 



FOR T. STEVKNRON, TRINITY STREET, CAMBRIDGE; 
AKn J. Q. & y. RiviHOTon, aki> r.oNOMAS & co.. 



I i 



The following pages have been taken with some slight 
alterations from the Manuscripts, which have been used of 
late years in St John's College, and are now printed with 
the view of saving to the Student the time and trouble, 
which it has hitherto been necessary to bestow in copying 
them. The few Propositions of the Seventh and Eighth 
Sections, now generally read in the University, will be 
found in the Appendix ; and the Ninth and Eleventh 
Sections will be published, it is expected, in the course of 
a few weeks. 



St John's Collegk, Jau, 1834. 



SECTION I. 



OF THE METHOD OF LIMITS AND LIMITING RATIOS. 



Def. The Limit of a continually increasing or decreasing 
quantity or ratio is that quantity or ratio, to which it con- 
tinually approximates^ but to which, though it may approach 
nearer than by any assignable difference, it never becomes 
actually equal. 

Obs. The limit of a varying quantity or ratio is fre- 
quently called the ultimate value of that quantity or ratio ; when 
we say that one quantity is ultimately equal to another, it is not 
to be inferred that the two quantities are ever equal, though 
their difference may be less than any assignable quantity. 



Lemma I. 

Quantities and the ratios of quantities^ which tend con- 
tinually to equality, and whose difference may be vnade to bear 
to either of them a ratio less than any finite ratio, have their 
limits equal. 

For if the limits be not equal, let L and L -{■ D represent 
them ; then the difference of the limits to one of them 

= /) : £ or D: L + D. 
A 



Now since the quantities or ratios tend continually to equality, 
the ratio of their difference to either of them must always be 
greater than that of the difference of their limits to either of 
the limits, that is, than D \ L or D : L-^ Dy either of which 
is a finite ratio. But by the hypothesis the ratio of their 
difference to either of them may be made less than any finite 
ratio, which is absurd; therefore the limits are not unequal, 
that is, they are equal. 

Cor. Hence if the quantities or ratios be finite, the limit 
of their difference, as they tend continually to equality, must 
equal 0. If they be indefinitely great, the limit of their dif- 
ference may be a finite quantity or ratio, for it would bear to 
either of them an indefinitely small ratio. Lastly, if they be 
indefinitely small, it must be a quantity or ratio, which 
vanishes compared with either, that is, it must be a vanishing 
quantity or ratio of a higher order than either of them. 

Lemma II. 

If in any figure AKa^ bounded by the straight lines Aa^ 
AKj and the curve line Ka, there be inscribed any number of 
parallelograms Ab^ Be, Cdy... on equal bases AB^BCy CDy... 
and the parallelograms Ba^ Cb, Dc... be completed ; then if 
the number of these parallelograms be increased and their 
breadths diminished indefinitely^ the limit of the sum of etich 
series will be the curvilinear area AKa, 



For as their bases are dimi- 
nished, each series of parallelograms 
continually approximates to the 
area AKa, Also the difference 
between the two series is the sum 
of the parallelograms a 6, 5c, cd... 
which sum is equal to the parallel- 
ograui aB, for the base of each is 
equal to AB^ and the sum of their altitudes to that of a B, and 
by diminishing the bases this difference, and therefore, a fortiori^ 





the difTerence of eitlier series and (lie area AKa may be made 
less than any assignable quantity, and therefore, by Lemma i, 
the limit of either series is the curvilinear area AKa. 

Lemma IIL 

If the two seriea of parallelograma be described m the same 
manner aa in the last Lemma, except that their bases are not 
all equal, the limit of each series, when their bases are di- 
minished indefinitely, is in this case also the <:urvilinear area 
AKa. 

For take AF equal to the great- 
est base, and complete the parallel- 
ogram Fa ; then this parallelogram, 
which is evidently greater than the 
difference between each series of 
parallelograms, may, by diminishing 
the base, be made less than any 
assignable quantity. Hence the dif- 
ference between the two series, and therefore, a fortiori, the 
difference between each series and the area AKa, may be made 
less than any assignable quantity ; and they tend continually to 
equality, therefore, by Lemma i, the limit of each series is the 
curvilinear area AKa. 

Cos.. I. If the chords ab, be, cd... be drawn, the limit of 
the area bounded by A a, AK and the chords, when the bases 
AB, BC, CD.... are diminished indefinitely, is the curvilinear 
area AKa, for it always lies between this area, and the inner 
series of parallelograms. 

Cob. S. The limit of the figure bounded by A a, AK and 
the tangents through a, b, c... is the aame curvilinear area, 
since it lies always between the curvilinear area, and the outer 
series of parallelograms. 

Cor. 3. The curve line aK is the limit of the boundary 
formed by the chords. 



Lemm 



IV. 



If in two curoilinear Jigurea there can be inscribed the 
same number of paToUeUtgramt, which, when their number it 
increased and their breadths diminished indefinitely, are ulti- 
mately to each other in a given ratio, the areas of the curvi- 
linear figures will be in that ratio. 

Let PQR, pqr be the figures, and let the parallelc^ams 

Ai,A„Af,.,, beinscribediatheone, uida,, a„an.--in theother, 



and let - 



" + *i) — — m + iP), — " f? 



<r, or, .Vj... being quantities, 
which vanish, when the 
breadths of the parallelo- 
grams are diminished inde- 
finitely, so that according 
to the hypothesis. 




,. .A, ,. . A^ ,. . A , 

umit — » m = umit — = unut — = &c 



Hence J,Kmai + ^ia„ J|EfRa,-{-dr,a,, ^,-n>a, + ^s'^t ixc*K &;c. 

.-. Ax-\-Af>rAi->r... =m(fl| + o, + 03+...) + JTiOi + ajjOj +a?jas + .,. 

.^1 + J, + J, +... a;,o, + jc,aj+ XtO^-v... 

■■• = m + 

«i + «« + Os+— ai+at + a3 + ... 

a),a, +a!,as + «BOs +... 
ai + a, + as+... 

Now since Xi vanishes in the limit, miai is a vanishing quantity 
of a higher order than ffli; similarly ^^a, vanishes compared vrith 
Og, ^jOg compared with a,, and so on ; the number of terms 
also in the two series is the same, therefore ultimatdy 
«iai + afj(it+ (KsOs +... vanishes compared with O] + % + Oj + ..,, 



or limit 



«iai + a;,ag + «3a» + 
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Also limit = , 

«! + Og + «3 + ... area pqr 

area PQR 



s fn» 



area pg^r 



Cob. If there be two quantities of any kind, which are 
divided into the same number of parts, if these parts, when their 
number is continually increased and the magnitude of each con- 
tinually diminished, are to each other in a given ratio, the whole 
quantities will be in that ratio. 

For if the parts be substituted for the parallelograms, and 
the whole quantities for the figures PQR, pqr, the reasoning 
will be the same in the two cases. 

Def. 1. A curve is a line traced out by a moving point, 
which is continually changing the direction of its motion. 

Def. 2, One curvilinear figure is said to be similar to 
another, when any rectilinear figure being inscribed in the first, 
a similar rectilinear figure may be inscribed in the other. 

Obs. The curves and curvilinear figures, treated of in this 
Section, are always supposed to lie in one plane. 

Lemma V. 

The homologous sides of all similar curvilinear figures 
are proportionals, and their areas are in the duplicate ratio of 
the sides. 

Let JCB, acb be two similar figures, of which the sides 
AB, AC, BC, are homologous 
to ah, ac, be, respectively; then 
by definition, if ADEBC be a 
polygon inscribed in ABC, a 
similar polygon adebc may be 
inscribed in abc. Join CD, 
CE, and cd, ce, &c., dividing 
the polygons into the isame 
number of similar triangles. 
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.'. AD : AC = ad : ar, 
alt^ AD : ad ^ AC : ac. 
Similarly DE : de ^ DC : dc ^ AC : acy 
EF : ef ^ AC : ac. 



therefore, componendo 

AD-^DE-^ EF^hc. : ad^de-^ef-^ ... ^ AC : ac. 

Now this being always true, will be true when the number 
of sides is increased, and their magnitudes diminished, without 
limit ; 

•. UmitAD + DE+ EF -\-... : limit od + dc + «/+... » AC : ac, 

and therefore by Lem. iii. Cor. 3. 

ADB : adb^AC : ac 

= BC : 6c. 
Again, polygon ADEBC : polygon adebc s:AC* : ac*^ 

and this being always true will be true in the limit ; 

.'. limit polygon ADEBC : limit adebc = AC* : a<f ; 

therefore by Lem. iii. Cor. 1, 

curvilinear figure J^BC : curvilinear fig. abc = AC^ : a<f 



= ADBr : adb]* 
= BC" : b(^. 

Cor. If ACB, ac5 be two similar figures, and C-E, ce he 
equally inclined to AC, ac, then AC : CE = ac : ce. Hence 
also this definition, 



Two curves are said to be similar, when there can be drawn 
in them two distances from two points similarly situated, such, 
that if any two other distanci-s be drawn equally inclined to the 
former, the four are proportional. 

pROB, Let the chord AB of the curve JCB be produced 
to b, to describe on Ab a curve similar to ACB. 

In ACB take any point P, join .^^ 

AP, and produce JP to p, so that y<*^3^=°^^\^X. 

Ap : Ab = AP : ABi then if the f ^"'^ -^| -^ 

curve Apb be the locus of all points, 

whose position is determined in the same manner as that of p, 

it will be similar to the curve APB. 

Def. 1. The tangent to a curve AB at A is the straight 
line, in which the generating point would move, if instead of 
changing the direction of its motion, it moved on in the direc- 
tion, which it had at A. 

Def. 2. The curvature of a curve is said to be continued, 
when the curve is wholly convex or concave to a given strjiight 
line on the same side of it, and when the change of direction is 
not abrupt, but gradual; that is, if ATU, BT, (Fig. Lem. vi.) 
be tangents at A and B, in a curve of continued curvature, the 
angle BTU as B moves up to A, diminishes through every 
change of magnitude from its original value and ultimately 
vanishes. 



Lemma VI. 

If ACB be an arc of continued curvature, AB the chord, 
nud ATU the tangent at A, the angle BAT between the chord 
and tangent, an B moves aUmg the curve toteardu A, and 
ultimately coincides with that point, coyitiniially diminishes 
and ultimately vanishes. 



i 



Let the tangents at A and B meet in the point ' 
the angU' BTU measures the change in the dircctioi 
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motion of the generating point which takes 
place in passing from B to Ay and sines 
the curvature is continued, this angle, as B 
moves towards and ultimately coincides with 
Ay continually diminishes and ultimately 
vanishes, therefore a fortiori the interior 
angle BAT continually diminishes and ul- 
timately vanishes. 

Cor. Similar conterminous arcs, which have their chords 
coincident, have a common tangent. 

Let the similar conterminous arcs APBj apb have their 
chords ABy Ah coincident, and let 
APpy AQq he any other coincident 
chords ; then since the curves are si- 
milar JP : Ap = AB : Ab^AQ : Aq^ 
therefore the arcs APy Ap are similar, 
that is, the chords of the similar arcs 
APy Ap coincide. Now let P and p 
move up to J, the arcs APy Apy since they are always similar, 
will vanish together, and APp in its ultimate position will be a 
tangent to each, that is, the arcs ABy Ab have a common 
tangent. 

Def. The subtense of an arc is a straight line, drawn from 
one extremity of the arc to meet at a finite angle the tangent 
to the arc at its other extremity. 

Lemma VII. 

If BD he a subtense of the arc ACB of continued cur- 
vaturCy the chord ABy the arc AC By and the tangent ADy 
when BD moves parallel to itself up to Ay are ultimately equal 
to each other. 

Produce AD to any fixed 
point dy and draw db parallel 
to DB to meet AB produced 
in 6; on Ab describe the arc 
Acb similar to ACBy and as 
B moves up to Ay let Acb so 
alter its form as to be always 




'similar to ACB\ lience the two arcs have a common tangent, 
aiid the three lines AB, ACB, AD are always proportional to 
Ab, Acb, Ad. Now as B moves up to J, the angle bAd 
continually diminishes and ultimately vanishes, (Lemma vi.), 
the point b moves up to and coincides with d, and therefore 
Ab and Ad, and therefore, a fortiori^ the intermediate arc Arh, 
are ultimately equal. Hence AB, ACB, AD, which are always 
proportional to them, are ultimately equal to each other. 

Cor, I, Since the proof holds whatever be the inclination 
of BD to the tangent, provided it be 
finite, if BE be a subtense making any 
other finite angle with AD, the tan- 
gents AE, AD, and the chord and arc 
are ultimately equal. 

Cob. 2, Also if the parallelograms ADBF, AEBG be 
completed, since AD, AE are always equal to BF^ BG 
respectively, the lines AD, AE, BF, BG are ultimately equal 
to the chord and arc ; and in all geometrical investigations the 
ultimate values of all these lines may be used indiscriminately 
for each other. 

Lemma VIII." 
If the straight lines AR, DBR, which meet in R, make 
with the chord AB, the arc ACB, and the tangent AD, the 
triangles A BR, ACBR, ADR; these three triangles when B 
moves up to A, are ultimately similar and equal to each 
other. 

Produce AD to, a fixed point d, and dia< 
DBR, meeting AB^ AR produced in b, r. ^ 
On Ab describe the arc Acb similar to I 
ACB, and let it so alter its form, as B 
moves up to A, as to be always similar to 
ACB. Then the two arcs will have a 
common tangent ADd, and the three 

, triangles ABR, ACBR, ADR will be 

I always similar to the three Abr, Aebr, 

\^dr respectively, and will bear each to 

J«Bch the same ratio, viz. that of RA^ : rA'\ 
Knee, alternando, ABR : ACBR -. ADR = 
B 
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Now let BD move purullel to itstlf up to A, then the angle 
bAd continually dimimBbes and ultimately vanishes; and Ab 
and therefore the intermediate arc Acb ultimately coincide with 
Ad\ hence the triangles Ahr, Acbr, are ultimately similar and 
equal to Adr; therefore the triangles ABR, ACBR, ADR, 
which arc always proportional to them, are ultimately similar 
and equal to each other. 

Obs. In the Lemma RBD is supposed to move parallel 
to itself towards A, that is, h moves along rd fixed, and the 
triangles AbT, Acbr, Adr are always finite ; but the same thing 
will be true, if RBD revolve round R fixed, in which case also, 
though r moves off to an infinite distance, and the triangles 
Abr, Acbr, Adr increase indefinitely, they will be ultimately 
similar and equal to each other. 

Lemma IX. ^ 

If the right line AE and the arc ABC, gioen in position^ 
cut each other in a Jinite angle at A, and the ordinates BD, 
CE be drawn, making eny other given angle with AE ; tvhert 
BD, CE move parallel to themselves up to A, the limiting ratio 
of area ABD : area ACE equals that of AD' : AE". 



Produce AE to a fixed 
point e, and take Ad in .4e 
such, that Jd : J e=AD : AE. 
Draw dh, ec parallel to DB, 
or £C, meeting AB^ AC pro- 
duced in 6, c ; and on Ac 
describe an arc similar to 
ABC : this arc shall pass 
through b, for by similar triangli 

AB : Ab = AB : Ad: 



and therefore (Cor. Lemma v.) 6 is a point in the arc. As S 
and C move up to A, let the curve Ahc so alter its form as to 
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be always similar to ABC-, then the area ABD will be always 
similar to Ahd^ and ACE to Ace^ Hence 

: SLvesiABD : axes. Ah d ^ AD"" : Ad^ = AE* : Ae" 

=s area ACE : area^ce, 
.*. area ABD : area ACE = area Abd : area Ace. 

Also the two arcs being similar have a common tangent at 
il, let this be AFGfg ; and let BD, CE move parallel to 
themselves up to il; then the angle cAg continually diminishes 
and ultimately vanishes, and therefore 

L. R.* area Abd : area Ace = L. R. A Afd : A Age 

= L.R. JcP : A^ 
Hence L. R. axes, ABD : area ACE = Li. R, area Abd: axea. Ace 

= L.R. Ad^ : A^ 
= L. R. AD^ : AE". 

Lemma X. 

The spaces^ described from rest by a body acted on by any 
Jinite force^ are in the beginning of the motion as the squares 
of the times J in which they are described. 

Def. a finite accelerating or retarding force is such, that 
the ratio of the time to the velocity generated or destroyed in 
that time is finite. 

Let the straight line AK represent 
the time of the body's motion from rest, 
and Kky drawn at right angles to AK^ 
the last acquired velocity ; suppose the 
time divided into equal intervals AB^ 
BCy CD &c., and let Bb, Cc, Dd &c., 
drawn at right angles to AK^ represent 
the velocities acquired in the times AB^ 
AC J AD &c. ; let Abcdk he the curve 

passing through the extremities of all the ordinates thai 
drawn ; and complete the parallelograms Aby Be, Cd & 




* L. R. signifies "limit of the ratio" or "limiting ratio.*' 
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If now the force be supposed to act by impulses, which 
would cause the body to move uniformly during the times 
AB, BCy CD &c., with the velocities Bb, Cc^ Dd &c. re- 
spectively, the spaces described in the 1st, 2d, 3d &c. intervals 
will be represented by the parallelograms Abj Bc^ Cd &c. 
On this supposition therefore, the space described in time 
AD : space in time AK = sum of the parallelograms in the 
former case : sum in the latter ; and this being true always, 
will be true when the intervals are diminished and their number 
increased indefinitely, in which case the force, which was sup- 
posed to act by impulses, approximates to a continued force, 
and the sums of the parallelograms to the areas ADdj AKk. 

Hence 
space in time AD : space in time AK = area ADd : area AKk. 

Let the tangent at A cut Kk in T ; now, the force being 
finite, the ratio AK : Kk is always finite ; /. AK : JTT, 
which equals L. R. AK : Kk is a finite ratio, and therefore. 



tan KAT ( = -— j is finite, 



or KA makes a finite angle with the curve at A ; 

Hence by Lemma ix, 

L. R. area ADd : area AKk = L. R. AD^ : JA^, 

and therefore in the beginning of the motion, space ex: (time)^. 

CoE. 1. Force is measured by the velocity generated in 
any time, divided by the time, the force being supposed to re- 
main constant for that time. Hence if Dd' be the velocity 
generated by the force at J, continued constant, in time AD, 

. Dd' 
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and this being always true, will be true when AD is diminished 
indefinitely, 

, . Dct . , Dd 
.-. F =» limit -7-- = limit -rzz 

AD AD 

_ KT _ KT.AK _ 2 triangle AKT _ . area AKk 

~~AK AK* ~ AK* ^ """ AK* 



2 limit 'P''^^ 



(time)" * 

Cob. 2. The eflPect produced by F upon the body is in- 
dependent of any motion which it may have, when F begins to 
act upon it. Hence generally if aS' be the space, through which 
a force F, acting on a body moving in any orbit, draws the 
body in T" from the place it would have occupied if the ex- 

traneous force had not acted, F ^ 2 limit — ^ . 



On the Curvature of Curve Unes. 

Peop. I. If in PRy pr tangents at the points P, p in the 
curves PQ, pq, PR be taken equal to pr, and the subtenses 

QJ?, qr be drawn equally inclined to them, p r 

then when QJK, qr move parallel to them- 
selves to P, jp, 

curvature of PQ at P ,. . QJR 

s hmit 



curvature oi pq Bi p qr 

Draw the chords PQy pq. 




, curvature of PQ at P angle of contact at P 
curvature of pq at p angle of contact at p 



,. . angle QPR 

« limit — ^ 

angle qpr 
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= limit 


sin dPR 


sin qpr 


= limit 


RP ^^" ^ 


9^ . 

■=— 8inr 




rp 


= limit 


QR 

• 



qr 



Prop. II. The curvatures in different circles vary inversdj 
as the diameters. 



Let PQVy pqv be two 
circles, draw the diameters 
PF, pVf and the tangents 
PR, pr. Take PR = pr, 
and draw the subtenses QR, 
qr parallel to the diameters, 
and QNj qn parallel to the 
tangents ; 





then 



nv 



QR PN QN^^qn^ ^ 

qr pn NV ' nv NV^ 



curvature at P ... QR 

= Jimit — 



curvature at p 



qr 



= limit 



nv 

NV 



pv 
PV 



or the curvature oc — 



diameter ' 
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Cor. Hence in the same circle the curvature is the same 
at every point. 

From this property of the circle, and also because by 
varying the diameter it may be made to have any curvature 
we please, the circle is made use of to measure the curvature at 
any proposed points of other curves. 



Def. The circle of curvature at any point of a curve is 
that circle, which has the same tangent and curvature as the 
curve has at that point. 

Hence if QqR be a common sub- p 

tense to the curve PQ and the circle 

QR 

Pq^ and limit — — = 1, Pq will be the 

qR 

circle of curvature at P. 



The radius, diameter and chord of the circle of curvature 
are generally called the radius, diameter, and chord of curv- 
ature. 



Prop. III. If Pq V be the circle of curvature at any point 
P, and PV a chord drawn in any given 
direction, then 

^,^ 1. . (arcV 

PF= limit ^ ^ 





subtense parallel to the chord 

Take PQ a small arc of the curve, 
through Q draw the subtense RQq parallel 
to PF, and join Pq^ q V; then since the triangles PRq, Pq V 
are evidently similar, 

Pq^' 

pr=^^ 

qR 
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Now this iMiing true whatever be the niaginitude of ti\ 
will he true, when ItQr moves parallel to itself up to P,i 
which ease Pq = PQ ultimately, and qR b QJ2 ultunatelj, 

.-. PF- limit ^ 

qR 

= Umit("",^Q>'. 
QR 

Cor. Hence the diameter of curvature 



limit 



(arc)* 



subtense perpendicular to the tangent ' 



Prop. IV. If in the curve PQ, PG 
and QGy drawn perpendicular to the tangent 
PR and the chord PQ respectively, intersect 
in G) then when Q moves up to P, the limit 
of PG is the diameter of curvature at P. 



Draw the perpendicular subtense QR^ 
Then by similar triangles PQJR, PGQ 




PG = 


PQ* 
OR' 




: limit PG 

m 


= limit 


PQ- 
QR 




= limit 


(arc PQY 



QR 



diameter of curvature at /^. 



Def. The curvature of a curve at any point is said 
to be finite, when tbe diameter of curvature at that point is 
finite* 
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Lemma XI. 



In curves of finite curvature the limiting ratio of the 
subtenses equals that of the squares of the conterminous arcs. 



d D 




Let AhB hQ the curve having a finite 
curvature at -4; 

Firsts Let the subtenses fed, 52) be per- 
pendicular to the tangent at A, Draw hg^ 
BG at right angles to the chords Ab^ AB^ 
and let them meet AgG^ which is drawn at 
right angles to the tangent AD^ in the points 
g and G. 

Then as h and B move up to A^ g and G move up to /, 
the extremity of the diameter of curvature of A^ as their 
limit. (Prop, iv.) 

Now by similar triangles, 

^^ AS" ^ , Ah^ 
BD = , bd = — , 

AG' Ag' 

AB' Ab' 
''^^''^-AG'A^' 

AB^ AV 
.'. L. R. BD :bd=^ L. R. -— : -r- 

AG Ag 

= I..R.AB':Ab^ 

(since AG, Ag are ultimately equal to AI) 

= L. R. (arc ABf : (aicAbf, 

Secondly, Let the subtenses be in- de d e 

clined at any equal angles to the tan- 7" 
gent. Draw BE, be perpendicular to 
the tangent : then by similar triangles, 
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BD: BEm bd : &e, 
altemando BD : bdm BE: be; 
.-. L. R. BD : bd - L. B. Bl? : be 

m L. B. (arc jiSy : (vreJVf. 

Thirdly f Let the subtenses, inclined at unequal ang^ 
to the tangent, converge to a point, and rercdre round thit 
point fixed, or approach to A according to anj other gins 
law. 



Let O be the point in which DB, db 
meet when produced; draw BE, be al- 
ways parallel to ^0; then since the angles 
at D and d are always finite, AO must al- 
ways be finite, and L. R. DO : AO will be 
a ratio of equality, as also L. R. do : AO. 



e 4m 







But BD: BE^DOiA 



and bd : be ^ do 




, always and therefore ultimatdy ; 



.-. L.B. BD:BE^ L.B. bd : 6e; 
.-. L.B. BD : bd = L.B. BE : be 

= L. B. (arc AB^ : (arc Aby. 

Cob. 1. Hence by Lemma vii. the limiting ratio of the 
subtenses will equal that of the squares of the arcs^ Gbordsy 
and tangents. 

Theorem. 7%e sfuhtenae of an me i% ultimately eqtial to 
four times the parallel sagitta. 

Def. The sagitta of an arc is a line drawn at a finite 
igle to the chord from its middle point to meet the arc* 



an 
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Let BD be a subtense of the arc 
ABy EC the sagitta parallel to it, 
bisecting the chord in Ej and pro- 
duced to meet the tangent in F, 

Then by similar triangles, 

AF^\AD, mdEF^^BD. 

Also by the Lemma, 

L. R. CFiBD^ L. R. AF^ : AU^ 

» 1 : 4 
.-. L. R. Ci; : £2> » 1 : 4. 

Cob. 2. The limiting ratio of the sagittse, which bisect 
the chords and converge to a given 
point, equals that of the squares of 
the arcs, chords, and tangents. 




Let EC^ ee be the sagittae of 
the ares AEBy Aeb, bisecting the 
chords ABf Ab in C, c; draw the 
subtenses BD, bd respectively paraUel to them ; 

then L. R. EC : BD « 1 : 4 

sL. R. ec : bd; 
,-. L. R. EC : ec = L. B- BD : bd; 

= L. R. (arc ^5/ : (arc Jfc)* 

= L. R. (chord ABy : (chord Aby 

» L. R. (tangent ^Z>)* : (tangent ^d)'. 

Cob. S. Hence if a body describe the arcs AB^ Ab with 
any given velocity, the limiting ratio of the sagittse will be that 
of the squares of the times, in which they are described. 
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Cob. 4. If the subtenses DB, db be perpendicular to die 
tangent, as in the first case of the Lemma, 

aJDB : AJdb^JD.DB : Ad.db; 
.'. L.R. aJDB : AAdb ==L.B. AD.DB i Ad.i\\ 

= L.R. Aiy : Ad» 



or 



= L. R. DJB* : d6*. 



Cou. 5. Since L. R. DB i db ^ L. R. JZ?* : Ad\ die 

limiting form to which every curve of finite curvature approx- 
imates is the common parabola. 

Hence L.R. area ^Z>£: area Jdb = L.R. f^2>.Z>A : ^Ad.i\ 

^lu.R.JD" : ^d» 
or = L. R. J5JB* : db*. 



Scholium to Lemma XL 

It was proved in the Lemma that if the curvature be finite, 
the subtense varies ultimately as the square of the conterminous 
arc; conversely, 

If the subtense vary ultimately as the square of the arCy 
the cwrvature is jmite, and if it vary according to any other 
power of the arc^ the curvature is infinitely great or itifinitely 
small* 



Let PQ and Pq be arcs of a 
curve and circle, having a common 
tangent PR, and let RQq be a com- 
mon subtense. 



Since in the circle qR oc ult. PR^, let qR = a . PR^ ultimately, 
and suppose that QR oc ult. PR^ and = 6 . PR* ultimately 

... '^"'^^^ture of PQ ^ ^^^ QR^b ^^^ ^^,_, 
curvature oi Pq qR a 
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If w = 2, the curvature of the curve PQ bears a finite ratio 
to that of the circle, and is therefore finite. If n be greater 
than 2, limit PR^~^ = 0, and therefore the curvature of PQ is 
infinitely small compared with that of Pq^ and the curve will 
lie between Pq and the tangent. If n be less than 2, limit 
PIP"^ = 00, and therefore the curvature of PQ is infinitely 
great, and the curve will lie below Pq, 

Cob. Since an infinite number of values may be given to 
Tij to each of which there will be a corresponding curve, an in- 
finite number of curves may be described between Pq and the 
tangent, corresponding to values of n greater than 2, and an 
infinite number below Pg, corresponding to values of n less 
than 2. 



SECTION II. 



Oir THE MOTIOir OF A BODY, C0X8IDEKED AS A 90ntT, 
EZSISTIirG MIDIUM, AXD ATTKACTID TO A SUrei.! 
FOKCE. 



nr A vov- 
cxirmor 



Prop. I. If a body move in any orbii about a JMi 
center of force^ the areas, described by lines drawn from the 
center to the body, lie in one pUme, and are propariional to 
the times of describing them. 



Let S be the center of force ; 
and suppose a body unattracted 
by the force in aS' to describe the 
straight line JB with a uniform 
velocity in a given time (T). Then 
if suffered to proceed, it would 
move on uniformly in the direction 
of AB produced, and describe 
Be = AB in the next interval (T) ; 
but at B suppose an instantaneous 
impulse communicated to it in di- 
rection BSy which causes it to move in direction BC; draw cC 
parallel to BS, then by the principles of Mechanics, the body 
at the end of the second interval will be found at C. Join 
^S'^, SB, Scj SC. Since cC is parallel to BSj the triangle 
SBC = SBc = SAB, since Be = AB; and these triangles are 
in the same plane, as no force has acted to draw the body out 
of the plane SAB. Similarly, if impulses be communicated 
at the end of every interval of T'\ in directions tending always 




S3 

to iS', causing the body to describe CD, DEj &c. in the third, 
fourth, &c. intervals, the triangles SAB, SBC^ SCD, &c. 
will be all equal, and will lie in the same plane ; and their bases 
ABy BCf CDf &c. are described in equal times, therefore the 
area of any niunber of these triangles, or the polygon SABCDE 
varies as the time of describing it. Now let the number of 
intervals be increased, and the magnitude of each diminished 
indefinitely, then the polygon approximates to a curvilinear 
area, and the sum of the impulses to a continued force always 
tending to Sj as their limits ; and what was proved of those 
quantities is true of their limits^ and therefore the curvilinear 
area described in any time is proportional to the time. 

Obs. The area, described by the line joining S and the 
body, is frequently called the area described by the body 
round S. 

Cob. 1. If r be the velocity of the body at A^ and p the 
perpendicular from S upon the tangent at that point, the area 
described inl!' ^^p.t.v. 

Draw Sy perpendicular to AB\ then since AB is ultimately 
the tangent at A^ limit of Sy = p. Also if f be divided into ft 
equal intervals, and AB be the space described in the first 
interval, the force in S being supposed, as in the Prop., not 

to act, AB = — . i>. 

n 

Hence, polygonal area described in f'' ■> n . triangle SAB 

-^Sy.t.v; 
and the same is true in the limit, 

.*. curvilinear area described in if' ^^ p. t .v. 

Cob. 2. Hence the time of describing any part of the orbit 

2 

e • area described. 

p.v 
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Cor. 3. If / = 1, area described in l" ^ ^ p . v. 

Hence in different orbits, the velocity at any point 

area described in l'' 

cc 1 

perpendicular from S upon the tangent, 
and in the same orbit, the velocity 



perpendicular upon the tangent* 



Fbop. II. If a body^ moving in a curve, describe in one 
plane areas proportional to the times by lines drawn from the 
body to any point, the body is a^cted on by centripetal farces all 
tending to that point. (Vide Fig. Prop, i.) 

Let S be the point, about which areas proportional to the 
times are described; and suppose as in Prop. 1. that a body, 
unattracted by the force in Sy describes the straight line AB in 
a given time T. 

In AB produced take Be = AB ; then if suffered to pro- 
ceed, the body would be at c at end of the second interval 
of T'\ But at B suppose an impulse communicated, which 
causes it to describe BC in the second interval, such that the 
triangle SBC = SAB. Join cC, Sc. 

Then the triangle SBC = SAB = SBc, therefore cC is 
parallel to BS, and therefore by the principles of Mechanics 
the impulse communicated at B tends to S. Similarly if 2>, 
jB, &c. be the places of the body at the ends of the third, 
fourth, &c. intervals of T", so that the triangles SAB, SBC, 
SCD, &c. are all equal, all the impulses communicated may be 
shewn to tend to S. 

Now suppose the number of intervals increased, and the 
magnitude of each diminished indefinitely, then the limit of the 
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polygon, is the curvilinear area and that of the sum of the 
impulses a continued force tending to S; and the above reason- 
ing still holds in the limit, therefore the body is acted on by a 
continued force tending to S. 

Prop. III. Coe. Draw CV parallel to AB meeting SB 
in V and join AV. Then CV^Bc^AB, .-. ^F is equal 
and parallel to CBy or ABCV is a parallelogram. Draw the 
diagonal CA bisecting BV in m. 

Now suppose S'A'B'Ciy to be 
another orbit, in which the chords 
A'ffy BfC are described in the same 
time* as either of the chords AB or 
BC ; and let the same construction 
be made as in the former orbit, then 
impulse at B : impulse at B> = cC 
: cC = Bm : B'm' and therefore 

force at B : force at ^= L. R. Bm : jB'w'; or the centri- 
petal forces in different orbits are in the limiting ratio of the 
sagittse of arcs described in equal times, which ultimately pass 
through the centers of force. 




Pttop. IV. The centripetal forces^ by which bodies de- 
myribe different circles with uniform 'Delodties^ tend to the 
centers of the circles^ and are as the squares of the arcs^ 
described in the same time^ divided by the radii. 

Since in each circle a 

the motion is uniform, 
the arcs described are 
proportional to the 
times. But the sectors, 
]. e. the areas described, 
are as the arcs on which 
they stand; and are 
therefore proportional 
to the times. Hence (Prop, ii.) the forces tend to the centers 
of the circles. 

D 
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Again let CAB^ cab be arcs described in the same time in 
the circles, whose centers are S^ s^ and let A, ahe their midcUe 
points; join AB^ a6, and draw the diameters ^iS'K, aav cutting 
the chords CB^ cb in Z>, d; then (Prop. ii. Cor.) 

Force at A : force at a « L. R. AD : ad 

(chord ^fl)* (chord a6)« 

= L. R. jzz : 

AV av 

(axcABy (arc aty 
AS as 

Take AE^ ae any other arcs described in equal times; 

then AE : ae » AB : ab^ 

and this being true whatever be the magnitudes of AB^ ab will 
be true when they are diminished indefinitely, 

.-. AE : ae = L. R. AB : aft, 

AE* a^ 



and therefore force at A : force at a = 



AS as 



Cob. 1. Since -^U = velocity x time, if r« velocity of 
the body, R = radius of the circle, and the time be given. 



Foe-. 



Cob. 2. Let P equal the periodic time, then since s = tv, 

R* R 

27ri? = P.r; -^«=pr^^pi 



i 1 

CoR. 3. If P be given, F oc R. If P oc i2% F oc —^ ; 

and generally if P oc R"^ F oc . 

R 
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Prop. V. Given the velocities of a body^ and the di- 
rections of its motion at three points of its orbit^ to determine 
the position of the center of force. 

Let PM^ MQNj NR be the directions, in which the body 
is moving at the three points Py Q^ R; draw Pp, Qq, Rr at 
right angles to these lines respectively, and such that 

Pp : Qq ^ velocity at Q : velocity at P, 

and Qq : Rr = velocity at R : velocity at Q, 



P X 



Through p^ g, r draw pm^ mn^ 
nr respectively parallel to PM, MNj 
NR ; join J/w, Nn and produce 
them to meet in aS; S will be the 
center of force. 

Draw SX, SY, SZ perpendi- 
cular to PM, MNy NRy respectively. 




then 



SX Pp 



SM Mm^ 



and 



SM Mm 
~SY''~Qq 



SX Pp _ velocity at Q 
^Y " Qq" velocity at P 

SV ^ velocity at R 
imi ar y — ^ - — j— ^— —^ . 



Hence the perpendiculars, drawn from S upon the tangents 
at P, Q, i2, are inversely as the velocities at those points; 
therefore S must be the center of force. (Prop, i. Cor. 3.) 
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Prop. VI. A body moving round ajiwed center of forc& 
S, describes the arc PQ in T"; if F be the central farce at P, 
and QR a subtense parallel to SP^ when PQ and T are di- 
minished indefinitely^ 



F = 2 limit 



QR 



The motion of the body on leaving P 
is compounded of two motions, one uniform 
in direction of the tangent PR^ the other 
variable, arising from the action of S and 
taking place in direction of the line join- 
ing the body with aS; therefore since RQ 
is parallel to PS^ its ultimate value, when 
T is diminished indefinitely, will be the 
space described by the action of S in that 
time. 




Hence (Lemma x. Cor. 2.) F = 2 limit 



QR 



CoE. 1. Draw QT perpendicular to SP^ and join SQ^ 
QP ; let A = 2 area described in l". 



then 



T" 2 area PSQ 



ft 



also limit area PSQ = limit triangle PSQ 

= ^ limit QT .SP; 



* The above expression for the force being obtained independently of the preceding 
propositions, it is not necessary that the areas described should be proportional to the 
times. It is therefore true in orbits described round several centers of force, in whidi 
case the expression represents the magnitude of the resultant of all the forces acting on 
the body at the point P. It is clear, however, that the equable description of areas is 
supposed to be preserved in the three succeeding corollaries. The result in Cor. 4. is 
general, and might easily be obtained from Cor. 3, in the particular case of the areas 
being described equably, by substituting for h its value Sy . F, obtained in Cor. '2. 
Prop. I. 
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.-. FaiZ umit — =7 



8— . linut 



4 iQT'.^P' 

2A' ,. . OR 

ss . limit . 

Cob. S. Draw iS'y perpendicular to the tangent PRy then 
since the^angle QPR ultimately vanishes, the triangles QPT, 
SPy are ultimately similar; 

,. .,QT Sy 

.'. limit -— - a --r; , 

PQ SP 

.*. limit -r7=: = -— -r limit ----: , 

QT^ Sy* PQ" 

2A^ QR 

CoE. 3. If Prbe the chords of curvature at P through *?, 

PC^ 2 A' 

Pr= limit ~^, .-. F = 



Obs. If ^ = the area described in P", A = — , which 

value may be substituted for h in the above expressions for the 
force. 



Cob. 4. The space^ through which a body must descend 
from rest by the action of the force at P continued constant^ in 
order to acquire the velocity at P, is ^th of the chord of curv- 
ature PV. 

Since limit -i— .^ 



PQ 



= 1, P = 2 limit -— - = 2 limit ^. . -—I 

T PQ' V T / 
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Now limit -— — = — --, and limit -— = velocity at P = F; 

2P PV 

.\ F = --— and therefore, P = i^. — . 
PV 2 

Let S = space due to V by the action of F continued con- 
stant, 

then, V^^^FS, 
hence equating this to the i^bove expression for P, we have 

S = \PV. 

Con. 5. To find the velocity and periodic time of a body, 
revolving in a circle and acted on by a centripetal force tending 
to the center of the circle. 

Here PF=?: the dianieter = 2/Z, .-. w = y/P .R\ 

^ circumference ^irR fR 

Al8oP= -— = y =27rVT;- 

velocity y/F,R ^ F 

CoE. 6. If r, t> be the velocities at P, p^ points similarly 
situated in similar orbits, described round S^ 8 centers of force, 
also similarly situated, 

Force at P (F) : force Sitp(f) = — -, : — . 

^^-^ ^ SP sp 



Let PQ, pq he arcs 
described in equal times, 
QR, qr subtenses parallel 
to SP, sp, and PF, pv 
chords of curvature at P, 
p through Sf 8. 

Then since the times are 
equal. 
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F : /-L.R. Q« : qr 



L. R* 



PV ' pr ' 



al«, r:«-L.R.:^:?^ 

T T 

- L. R PQ: pq, 

and since P and p are points similarly situated in similar orbits, 

SP : sp^ PV : pv, 

• p • f^ . 

•^ -S/' ap 

Cos. 7. If similar arcs of similar orbits be described in 
times T9 t round S^ «, centers of force similarly situated, 
(Fig. Cor. 6.) 

Let PZr, pi he similar arcs described in times Ty /, and 
take PQ9 pq other similar arcs described in times P^ p; 
QR^ qr subtenses parallel to SP, sp ; then 

^:/=L.B.^:^, 

join SQ9 SLy sq^ si. 

Then T : P = area PSL : area PSQ 

= area^«/ : area paq^ by similar figures 
= ^ : JO, 

.\ T : /=P : p; 
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and thig, being always :true, will be true when P and p are 
diminished indefinitely, 

.-. T : t^ L. R. P : p, 
and by similar figures, 



SP : ap « QR : qr always and therefore in 



the limit ; 



.-. F : / 



SP sp 



Peop. VII. A body revolves in the circumference of a 
circle^ to find the law of force by which it is attracted to a 
given point. 



"Let PAV be the circumference 
of the circle, and ^S' the center of 
force ; PQ a small arc, QR a subtense 
parallel to SP9 QT perpendicular 
to SP. Let RQy and PS produced 
if necessary, meet the circumference v 
in G, V; draw the diameter P/, join 
IVf and produce TQ, PR to meet in 
Z. The triangles PTZ, PVI are 
evidently similar. 




„ QR.RG RP\^ ^, ZP" PP 

Hence — = -:r=r (Euc. in. s6.) = —7- = 



QT^ QT* 



ZT^ pm 



Now let Q move up to P, 

then * limit -^nzn = limit 



Q7^ 



PV^.RG 



PP 

limit pz^, since limit RG = PV. 
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if /t = radius of the circle. 

Let M represent that part of the expression for F, which in 
the same orbit is invariable; then in this case, 



Hence F = 



SP'.PV^' 



and therefore in the same circle oc 



SF'PV^ 



Cob. 1. To find the velocity at any point. 



y = F. — = — — - — — — :. or = 



2 sp'.pv' i.sf.pr"' 



2hR 

V = ^—=: — T--. or 






Obs. The quantity (/u) here introduced is that part of 
the general expression for the centripetal force in any orbit, 
which is invariable for all points in that orbit, and may always 
be determined, if the actual force at any given point be known. 
The force, by which a body is retained in a given curve, is in 
most cases undergoing a continual change in magnitude; but 
its magnitude at any given point is to be estimated by the 
effect it would produce, that is, by the velocity it would gene- 
rate in a unit of time from rest, supposing it to remain constant 
for that time. Hence if a second and a foot be the units of 
time and space, the magnitude of the centripetal force at any 

E 
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point is represented by twice the number of feet, which it 
would cause a body to describe from rest in l''; if for instance, 
it draws a body from rest through 10 feet in 1^', its magnitude 
will be 20, and it will be to the force of gravity in the ratio of 
20 : 32-^ or of 100 : l6l. Suppose then in the preceding pro- 
position, that the force at A^ the extremity of the diameter 
through S^ would if continued constant draw a body through 
(/)feetin l"; 



then 



M 



SA'.(2R) 



3 = 2/; 



.-. fjL = 2f.SA^,(2R)\ 



CoE. 2. Let *? be in the circumference, then PF= SP. 



„ „ 8h'R' JUL , , ^ 1 

Hence r = -r.-rr^ • or = -^r^^ ; and thereiore. 



SP" ' 



SP" 



SP 



5' 



F = 



2hR 
^P^ 



, or = V - • 



1 



2 SP" 



Cob. 3. To compare the forces, by which a body, at- 
tracted separately to two centers of force, may describe the 
same circle in the same periodic time. 



Let R and S be the two centers 
of force; produce Pi?, PS if ne- 
cessary to meet the circumference in 
U, F; draw SG parallel to if P to 
meet the tangent at P in G, and 
join UV; then the triangles SPG, 
PVU are evidently similar. 




SG ^ PV 

SP' Fu 



or *SG = 



PV, SP 
PU 
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Also dnce the periodic time is the same, //, whicli 

2 area of circle . 

. J. . , 18 the same for both centers, hence 

periodic time 



FtoR : F to S 



1 



RP". PIP SP". PV 



PV^ . SP 

pr' 



: RP.SP 



= SG'' : RP^.SP. 



Cor. 4. What has been proved in the last corollary in 
the case of the circle is true of anv orbit described round 
two centers of force separately in the same periodic time. 
For if PUV be the circle of curvature at P, the expression 

. . QR . 

for jF, viz. 2 limit — — , is the same in the curve and circle, 

and therefore what has been proved in the one case is true in 
the other. Hence generally in any orbit described in the 
same time round two centers of force, 

F to R : F to S = SCP : RP'. SP. 



If the periodic times arc not the same, 



^ ^ ^ o 'S'G RPKSP 

F to R : F to S= --r r-^: I -jr:, ,— . 

F-* round R P' round .S 



Prop. VIII. To Jind the law of force hy which a body 
may describe a semicircle^ the center of force being so distant, 
that all lines drawn from it to the body may be considered 
parallel. 
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Let PQ be a small arc of the 
semicircle, C the center; drawP«S', QS 
parallel to each other toward the center 
of force; CM perpendicular to PS^ 
then CM produced both ways will 
determine the semicircle described. 
Draw QT perpendicular, and QR pa- 
rallel to SP, and produce PR^ TQ 
to meet in Z ; join CP* The triangles 
PZT, CPM are evidently similar; 




QR . (RN -H QN) _ RP^ ^ ZP^ _ CP 
Qf^~ ~ QT""^ Zf^ " PJIf * ' 



OR CP'^ 



.•. F = — rr- . limit 



.^P' 



QT' 



K'.CP^ n J 1 
» or = ^.,. > and .•. oc — 



SP* . PSP 



PiP 



PW 



Cob. To find the velocity at any point. 



PV h* . CP* 



h" . CP' 

Jp'Tpm" ' 



.-. V 



h.CP 
SP.PM' 



or = 



PM 
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Scholium to Prof. VIII. 

If JQP be any conic section^ it may be described by the 
ocHon of a force tending to a point at an infinite distance, and 
varying inversely as the cube of the ordinate. 



Let PO, the diameter of curvature at 
Pj cut the axis of the conic section in K ; 
draw OV perpendicular to PS, then PV is 
the chord of curvature at P in direction of 
the force ; and complete the construction as 
in the proposition. 

By similar triangles ZPT, PMK, 




QTl RP^ 

Qfi '' QR 



= ZT' : ZP* « PM^ : PK\ 



and this being true always will be true, when Q moves up 
to P, 

and PV : PO = PM : PK, 

RP* . . PQt 
.•. since limit __ = limit -r-=r = PV, 



QR 



QR 



QT* 
limit -j-— : PO = PM" : PK\ 

Now (Appendix Arts. 4, 5.) in all conic sections, the 

8 

diameter of curvature = — . PIP, 



,, . QT^ SPM' 
.-. limit -—— = — —— 
QR U 
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and .*. F = 



hKL 



1 



^SPKPM^ PM 



r ta the po'4^1 
at. ^1 



Pkoi". IX. To ^nd ike law of force tending 

\} which a body may deecnhe an equiangular apirat. 



Def. An equiangular spiral, is a spiral cutting all the 
radii at the same given angle. 

Let PQ he a small arc 
of the spiral, 5" the center 
of force in the pole. QR a 
subtense parallel to SP, QT 
perpendicular to SP, ami 
let the constant angle SPJ{, 
which the curve makes with 

the radius, = a- Join PQ, and let PV he the chord of curvid 
ture through S, 




,. . QT' ,. . PR" . ^ ... PQ' 
. limit —^ = umit -— sin' ti = limit ~- snra = PFsin^( 



Let the tangent at Q intersect PR in JC. Then since 
SQ make equal angles with the tangents at P, Q, 
SPX, SQ.X are equal to two right angles, therefore the angle 
PiSQ = angle Q,XR. Also since F is a point in the circum- 
ference of the circle of curvature, the angles XPQ, XQP are 
each ultimately equal to QVB. Hence the angle QXR, and 
therefore the angle QSP is ultima^tely double of the angle QVS, 
therefore i SQV is ultimately equal to z SVQ, or SV = SQ 
ultimately - SP- Hence PV= 2SP, 



sh' 



QR 
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2 A' 1 

SP*' 2SP&in*a 



8in» a' SP^' 



M , 1 

or = -tttt: , and .•. oc 



SP' 



SP^ 



Cob. To find the velocity at any point. 



F*=F. 



PV 



1 M 

or 



sin' a ■ 5"^=" ^P^ ' 



• V= — 



sina' ^SP' "' SP 



or 



Peop. X. j< body describes an ellipse round a center of 
force in the center of the ellipse^ to find the law of force. 



Let PQ be a small arc of the 
ellipse, C the center, QR a subtense 
parallel to CP ; AC, BC the semi- 
axes major and minor; QF parallel 
to PR', QT, PF perpendicular to a 
CP and the semi-conjugate CD 
respectively, produce PC to meet 
the ellipse again in G; then the 
triangles QVT, PCF are evidently 
similar. 




Now 



PV. VG CP^ 
~QV^~ " C&' 



and 



QV CP 



QJfi PJP2' 



PV. VG 



CP 



CP' 



QT 



2 



PF'.CD' AC\BC^" 
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,. . QR ,. . PV CP 

.'. limit — -— - = limit 



QT* QT" AC*.BCnCP* 



(Mncc limit FG^' 2 Ci^ 

CP' 



qAC'.BC" 



2A» . QR h* 

or « M • CP, and therefore oc CP. 



Coa. 1 . To find the velocity at any point. 
*• Ci)-; 



^C . 5C» 



•^-:<c7bc'^^'°'^^-^^- 



Coa. 2. To find the periodic time. 

A' /- 

Since /A « -^^^fj-^^ , h^ AC.BC .y/ n.\ 

also the area of the ellipse ^wAC . BC ; 

2 area of ellipse 



/. P = 



Stt 



Hence the periodic times in all ellipses round the same center 
of force in the center are equal. 



Coil. 3. If a body be projected in a direction making any 
\gle with its distance from a fiared point, and be attracted to 
mthat point by a force varying as the distance, it mill describe 
<i ellipse, whose center is the center of force. 



Let C be the center of force, P the 
ppoint from which the body is projected 
in direction PI', V the velocity, and F 
the force at P. 



Then space (s) due to the velocity 
P 
at /• = — —. In PC, produced if necesBary, take PV - 4-s, and 




draw CD parallel to PY and = ^/^ CP.PV. With CP, CD 
as semi-conjugate diameters describe an ellipse, and suppose a 
body revolving in it to come to P; then it is moving in the 
direction of the tangent at P, that is, in a line parallel to CD or 
in direction PY. Also space due to velocity at /* = ^ chord of 
, curvature at P 



tCD' 
CP 



\P^ = 



The force, distance, and law of force are the same also in 
both cases ; hence the two bodies are under the same circum- 
stances at P, and will therefore describe the same orbit ; that is, 
the projected body will describe an ellipse, whose center is C. 



If CPY be a right angle, and 4 
win be a circle. 



= i PC, the orbit described 



Cob. 4. To compare the velocity at P with the velocity 
in a circle, radius = CP, described round the same center of 
force. 

V. in ellipse = \/J7- CD. 
in circle (radius = CP) = \/^- CP, (Prop. vi. Cor. 5.) 

= V^^.CP; 
.-. V. in ellipse : V.m circle (rad. = CP) = CD : CP. 
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Scholium to Prop. X. 

1. It was proved in the proposition, that, when a body 
moves in an ellipse round a center of force in the center, the 
force varies as dist. The same is also true, when a body 
moves in an hyperbola, the construction and proof being exactly 
the same as for the ellipse. 

2. If the orbit be a parabola, the center of force is remov- 
ed to an infinite distance, and the force acts in lines parallel to 
the axis ; in this case, since the difference of any two distances 
vanishes compared with the distances themselves, the force is 
invariable. 

Or the following proof may be applied in the case of the 
parabola. 



Let PQ be a small arc of the 
parabola, A the vertex, S the focus; 
PC parallel to the axis, and there- 
fore in the direction of the force; 
QR a subtense parallel to JPC, and 
QV parallel to the tangent PR; 
QTy SY perpendicular to CP, PR. 




Since ^SP.PV=QV\ 



QR PV 1 



QV QV ^SP' 



and by similar triangles, QTV, SPY, 



qr _sp^ _sp. 



. limit 



QT' ^SA' 



. F = 



2A^ 1 



SECTION III. 



OS THE MOTION OF BODIES IN CONIC SECTIONS, ABOUT A CENTER 

OF FORCE IN ONE OF THE FOCI. 




Prop. XI. A body revolves in an eUipsCy to find the 
law of force tending to one of the foci. 

Let the focus S be the center 
of force, PQ a small arc ; QR a 
subtense parallel to SP; C the 
center of the ellipse, join PC and 
produce it to meet the ellipse in G; 
draw Qjpv parallel to the tangent 
PR9 cutting SPj CP in Of J v; and 
QTy PF respectively perpendicu- 
lar to SP9 and the semi-conjugate diameter CD : and let 
E be the point, in which SP cuts CD, then PE^AC, 
the ^ axis major. 

By similar triangles, QxT, PEt\ 

Qx' __ PE^ _ AC^ 

ur'"pT^~ TP"' 

and by a property of the ellipse, 

Pv CP" 

Q^'vOrCD'] 

also by similar triangles, P/v F, PEd 

Pv 'PC" PC* 
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Now Pw = QR, Qw ultimately = Qv, and « G ulti- 
mately = 2 CP ; hence multiplying the above quantitie* 
together, and taking the limits of the products. 



limit 



AC.CP 



AC 



QR ^ ^ 

QT ~ iCP.Ciy. PF» 2A<y. BC 



AC 



1 



F =4£ limit «« 



SP 

2h' 



t 



QT 



L SP 



■D* 



or = 



SP 



OC 



SP 



Peop. XII. A body moves in an hyperbola, to find the 
law of force tending to one of the foci. 

Let the center of force be in the focus S, and let the 
body move in the branch PA, which is nearer to S than 




the other branch of the hyperbola. Then the same con- 
struction being made as in the ellipse, it may be shewn in 
precisely the same manner that the force 



2A> 



1 



L SP* 



or 



SP 



and .-. OC 



1 
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Coi. In the same numner it may be shewn, that if 
the body describes the opposite branch pa by a repuUit^ 

late proceeding from S^ the force will vary as — - . 

SfT 

Prop. XIII. A body moves in a paraboiOf to Jind the 
law of force tending to the focus. 



Let A and S be the ver- 
tex and focus of the parabola, 
PQ a small arc ; QR a sub- 
tense parallel to 6P, QXV 
ptrallel to the tangent PR, 
cutting SP in X^ and the 
diameter through P in F; 
Qr, SY perpendicular to SP, 

PR; L^ latus rectum. Then by a property of the para- 
bola Pr= Pjf and .-. =QB; al8o4.SP.PF=«F». 




Hence 



QR PV 1 



UV* QV" 4.SP* 



^ by similar triangles, 

QJT _ SP^ SP 



Now QX ultimately = QF; hence multiplying 
quantities together, and taking tlie limits, 

,. .QR 1 1 

limit — -V = — . = T » 

„ 2A» ,. . QR 

2A* 1 M_ 



these 



oc 



! on 



SP 
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Cor. If a body be projected at a given distance frm 
a center of force^ which oc (c/t«/.)'% and in a direcim 
making a finite angle with the distance^ it will describe a 
conic section. 



Let S be the center of force, P the point and PF the 

direction of projection, F= the force at P, then if « be 

(velocity)' 



the space due to the velocity of projection, s = 
and is therefore known. 



%F 




1. Let s be less than SP. 
In PS take PK = «, and draw 
Pjff, making with YP produced 
the z HPZ^ z SPY, in PJHTtake 
PL = SKy and through S, K, L de- 
scribe a circle cutting PL in H ; 
so that PH. PL =^ PS. PK. With 
foci S and H and axis major 
= SP + HP9 describe an ellipse, and suppose a body re- 
volving in this ellipse and acted on by the same force in Sy 
to come to P ; then space due to velocity aX P ^^ chord 
of curvature at P through S, 

(^ conjugate diameter)* SP . HP 
axis major SP+HP 



SP 



SP 



1 + 



SP 
HP 



1 + 



PL 
PK 



^PK. 



Hence the velocity is the same in both cases ; also the 
revolving body is moving in direction P F, since ZPy, making 
equal angles with SP, jffP, is a tangent at P; and the force 
and the law of force are the same for both bodies ; they will 
therefore describe the same curve, that is, the projected 
body will describe an ellipse. 



2. Let s be greater 
than SP. In PS pro- 
duced take PK « s ; draw 
PH on the other side of 
PY, making the z YPH 
« z YPS, take PL = ^'JT, 
and through S, JT, £, de- 
scribe a circle cutting PL 
produced in H : then if with foci S and H and axis major 
= HP^ SP, an hyperbola be described, it may be shewn, as 
in the preceding case, that the body will move in the hyperbola 
thus constructed. 

PK . PS 




SK 




3 Let 8=SP. Here SK=0, and .-. PH= — j^^ = w 

Let the circle described with cen- 
ter S and radius SP cut PY 
in T; draw SYy YA perpendicu- 
lar to PT9 TS respectively, and 
with focus S and vertex A, de- 
scribe a parabola ; then it may be 
shewn as in the former cases, that the body will move in 
the parabola thus constructed. 

Peop. XIV. If any number of bodies revolve about 
one common center of force, which varies as (dist.)''^, and 
is the same at equal distances in all the orbits described, 
the latera recta of the orbits will be as the squares of 
the areas described in equal times. 

Let be the force in any orbit at the distance SP, 

then since the forces at equal distances are equal, fi is the 
the same for all the orbits: 



2h' 



Also by Props, xi, xii, xiii, ^i = -— , 

/area described in a eiven time 
\ time 



) 



oc 



(area)' described in a given time. 
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Prop. XV. A body revolves in an ellipse round a center 
of force in the focus ^ to find the periodic time. 

Let AC^ BC be the semi-axes major and minor, P the 
periodic time. 

-r,, -P" area of the ellipse 

Then —^ = r — , ^ , , 

1 area described in 1 ' 

and since ^' = M, * = s/^ = \/^= ^^"^^ 

ZttJC^ 

CoR. Hence, the squares of the periodic times in all 
ellipses, described round the same center of force in the 
focus, are as the cubes of the major axes. 

Prop. XVI. To find the velocity at any point of a 
conic section f described about a center of force in the focus. 



Let V be the velocity at the point P, 

u PV 

Now in the ellipse and hyperbola, 



PV CV SP.HP ^„ / SP\ 






AC AC 



and in the parabola, 

PV 



^2SP. 

2 
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Hence in the ellipae V - \/ JLU.?I\ , 

SP\ AC) 

in parabola F-\/^ 

^ SP 



CoE. To compare the velocity with that of a body 
moTing in a circle, radius « iS'P, and described round the 
Mme centre of force. 

Let U = velocity in the circle, 
then (Prop. vi. Cor. 5.), 



l" VT-*' 



•. in ellipse — = V 2 - -^ which is less than \/T, 



V ^/ SP 



JO hyperbola — = 'v 2 + - - greater 

V /- 
in parabola — ■« v 2. 



G 



APPENDIX. 



Note to Lemma II. 



1. To find the area of a plane curve. 



Let the area ABC be bounded 
by the curve AC^ and the straight 
lines AB, BC. Let AB be divided 
into n equal parts, and let MN be 
the r*** part from A\ draw JIfP, NR 
parallel to BC^ and complete the pa- 
rallelogram MNRP. 

h 
Let AB = h, then MN = -, 

n 

MP = y„ 
z ABC = i, 




M N 



A 



area of parallelogram PN = — f/r sin i, 

n 

Therefore giving to r the values 1, 2, S.^.n^ the sum of the 
parallelograms described on all the parts 

= -sini (^1 + ^2 + ^3+ ••• +yn) = * sini.2.— . 
n n 

m 

Therefore area of curvilinear figure = A sin i . limit 2 — , 

n 

when n is infinite. 
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£x. 1. To find the area of a portion of a parabola cut 
of bj a diameter, and ooe of itn ordinates. 

Let ABC be the parabolic area cut 
offby the diameter JAand asemi-ordinate 'V 
BC. Complete the parallelogram J ACD: nJ_h ^^ 
then AD is a tangent at ii. m - -^^ ^ 

I / 

Let AD = A, AB^k, and let AM jf~- - 

be the abscissa, and MP, parallel to 
ABy the ordinate to the point P; then by a property of the 
parabola, 




PM AB 
Aip-AD^' -^^^""^ 






.'. area ADC ^ h sin t . limit . 2— ^ ApA sin i limit 2 — , 

= AAf sin t. limit.-. (l*+ 2* + 3* -t- ... 4- n*), 

w ' 

= AAr sm I , limit — - -I- — + - 

n^ {a 2 6/ 

s: ^AAp sint 

s: -^ parallelogram A BCD, 

and .'. parabolic area ^£C = ^ circumscribing parallelogram. 

2. The volume of a solid of revolution may be de- 
termined in a similar manner. 

Let ABC be a plane curvilinear area by the revolution 

of which round AB the solid is generated, and let CB be 

perpendicular to AB. Then if AB (« h) be divided into 

n equal parts, and the rectangular parallelogram PN he 

described on MN the r^ part, the cylinder generated hf 

h A g 

the revolution of PN round MN =^ - ir . PM^ s - -jt . y^ » 

n f» 
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and the volume of the solid 

s limit . sum of all such cylinders 

= TT A . limit 2 . — , when n is infinite. 

n 

Ex. 2. To find the volume of a sphere. 

Let ABC be a quadrant of the generating circle 
radius » h, 

then %f^^hx — a?^ 



n \n ) \n n*) ' 



and therefore volume of hemisphere 



= ttA" Umit 1^(1 + 2 + ... w) - -^(1* + 2=^-h ... -f n*)} 
\n* V2 2/ w' Vs 2 6)f 



and therefore volume of sphere 

4 2 2 , 

s - 9rA'= - . 2A . ttA* = - circumscribing cylinder. 



Ex. 8, Similarly the volume of a cone and paraboloid 
may be shewn to be - and - of the circumscribing cylinder 

3 2 

respectively. 
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3. To find the volume of a pyramid. 



Let A be the area of the base of the . pyramid, and 
let the perpendicular from the vertex upon the base » h. 
Divide h into n equal parts, and through the r^ point of 
division from the vertex draw a plane parallel to the base. 
Then the area of the section of the pyramid thus made 






w* 



^^^ this area as a base describe a right prism, whose altitude 

*= — ; then volume of prism 
n 

= -4 — . — = Ah — ;; 
nr n nr 

^-Od therefore volume of pyramid = limit of sum of all such 
K^^sms 

^Ah limit 2^ = ^A limit -^ (l*-f 2*+ + n*) 

nr nr . 



^ Ah hmit -^ — +— + F 

n^ \S 2 6/ 

^^Ah^^. base x altitude. 



Note to Prop. XIII. on Curvature. 

4. To find the chords of curvature through the center 
and focus, and the diameter of curvature, at any point of 
an ellipse and hyperbola. (Vide Figs. Props, xi. and xii.) 

Let Qu, a semi-ordinate to the diameter PCG^ cut SP 
in 0?, CP in v, and PF^ which is perpendicular to the semi- 
conjugate CD^ in u. 
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Chord of curvature through C 



s limit 



subtense parallel to CP 



limit -- — « limit -—-— 
Pv Pv 



= ™^^t -^Ti^'^G, since — = ^r— : 

CP" Pv.vG CP" 



2 CD* 

— -- , since vG ultimately = 2CP. 



Chord of curvature through S 

P(y Qv'^ 

= limit :rr-^ = limit --- 

subtense parallel to SP Pod 



Qu- Pv CD^ PC 



— — -, smce PE = AC. 



Diameter of curvature 

pce 



= limit 



subtense perpendicular to tangent 



,. ., Qv' ,. . Qv' Pv CD' .^ PC 

hmit— = hmit — .— = hmit — .t,G.— 



2Ciy 

PF 
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Cor . Let PF cut the axis major in K, then PF . PA'- BC' ; 

also CDPF^ACBC. 

2JCrBC' 2AC'.BC*.PP 
. diameter of curvature = -— — ■« — --^ 

sPK' 

5. To find the chord of curvature through the focus, 
and the diameter of curvature at any point of a parabola. 
(Vide Fig. Prop, xiii.) 

Let QK9 a semi-ordinate to the diameter PF, cut SP in X; 
and the normal PK in U^ draw SY perpendicular to the tangent 
at P; then PX^ PV, hence 

Chord of curvature through S 

PQ' 



= limit 



subtense parallel to SP 



= l"nit — = limit — 



= *SPy since QV* '^'^SP . PV. 



Diameter of curvature 

a- limit — — 5= hmit -— 7- 

subtense perpendicular to tangent PU 

A Cfp py S!p 

= pjj = ^SP. ^, by aim', triangles PVU, SPY, 



^SP^ ^ /SP* 

, or B 4 \/ 

SY ' ^ SA 
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CoK. Let PY meet the axis in T, then 

ST=SP=' SK, .: SY=^ PK, 

hence diameter of curvature 

SY SJKSY SJ^ 2SA' 

SPK^ 



2 



Note to Peop. VI. Cor. 3. 



6. ItSP^r, and SY^p, PF= ^^ 



drp 

(MilWs Differential CalcultM. Art. 95.) 



2A* 2A 



drP 

Affain, if r « - , — = (d^w)* + uK 
° U pr 

(Miller's Differential Calculus. Art. 89.) 
I'^rP^'—.'d.p.u'^^-- —~.u^ 

P P P <^B^ 



= u^ (dlu -I- «^) ; 
.-. F = AV(d|«^ + «^). 
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Ex. 1. To find the law of force, by which a body may 
describe the curve v = — t » round a center of force in 

the pole. 

1 - il 1 

1 b^ 

and .-. -- drP = —-; 






Ex. 2. To find the law of force by which a body may 
describe a conic section, round a center of force at one ex- 
tremity of the axis major. 

Let S be the center of force at extremity of axis major SA, 
P any point in the curve, PN perpendicular to SA* 

Let SN^x, PN^y, 
.-. y* sz ^mx + na^^ is the equation to the curve. 

Let SP^T, PSN^O; 
.•. r* sin'-' = 9mr cos 9 + nn^ cos* 0, 
2m cos 2m cos 9 



r = 



sin* -n cos^ 1 - (l -f n) cos* * 



2 



— I ;r- (1 + w)C0Se>, 

m (cos 6f J 

1 fsind . X • J 

2iw (cos-0 j 



H 
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.'. djtt « — I + ^-^ + (1 + fi) cos Q\ , 



sin-^ 0^ 



djtt + tt « — I ;: + -r 

m \co8^ cos'df 






. F«A*tt*(4tt + tt) 



A* »ec»0 5'P 



Note to Prop. X. Cor. 3. 



6. To find the magnitude and position of the axes of the 
orbit described. 

Let CP « r, CPy = a, « ( = — - j = space due to velocity of 
projection, a and b the semi^xes of the orbit described. 

CD ^\/^CP.PV^ V^ 
o* + &« (« CP' + CD') = r^ + 2 r « 

a6 (« CD . PF) = v^2r« . r sin a] 

from which two equations a and ^, and therefore e, the eccen- 
tricity, may be determined. 

Also if d be the inclination of axis major to CP, 

h 



r = 



>v/ri7"^ii70 ' 



.-. COS0 = - \/ 1 — -, 



e r 

which may therefore be determined. 
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Note to Prop. XIII. Coe. 

7- To find the magnitude and position of the axes of 
e orbit described. 

Let SP^r, jlSPY^Qj draw SY, HZ perpendicular 
> YPZ\ and let a, 6^ Z be the semiaxes and latus rectum of 
le orbit ; 

then PL.PH^PK.PS, 

or (r '^ «) . (2a =f r) = « . r, 



2 (r '^ «) ' 



b^y/SY.HZ^y/SPsina.HP.Ana 
r.«^.sina 

. 26* 
a 
= 4«. sin'^a. 

Again, YZ ^ SH . sin JaSF, 

or (aSP + HP) cos a = 2c . ^C sin ^^T, 



•. sin ASY = - cos a, 



/ b^ , 
[lich equation, since e = \/ If— ^^ known, determines 



e position of the axis major. 



60 



ON ANGULAR VELOCITY. 



8. The angular velocity of a body, moving in an orbit 
round a center of force S, (fig. page 28.) is measured by 
the angle uniformly described by SP round S in l", in the 
same manner as linear velocity is measured by the line uni- 
formly described in l". If the angular motion of SP be 
not uniform, the angular velocity at any point is measured 
by the angle, which would be described in l", if the angular 
motion of SP were to continue uniform for that time. 
Hence if the angular motion be not uniform, and PSQ be 
the angle described in T^' after leaving P, the angular 
velocity 

T 

for this is the angle which would be described in l", if 
the angular motion at P were to continue uniform for that 
time. 

Prop. If a body be moving in any orbit round a 
center of force Sy the angular velocity at any point P 

h 

Let PS(i be the angle described in 7^', with center S 
and radius SQ^ describe a circular arc cutting SP in T, 
and draw SY perpendicular to the tangent at P; then the 
triangle PTQ may be considered as ultimately rectilinear, 
and similar to SYP^ hence 

z ' vel. at P = limit — = — = limit 



T SQ.T 

,. .PQ^SY . ,. .or SY 

limit -^^7-_ , since limit ,— - = 

SP'.T PQ SP 

SY.velatP . ,. , PQ 

^^ , since limit — = vel. at P 

h 



SP 



^, (Prop. I. Cor. 3). 
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9. Force varjfing as (duftance)'^. To find the time of 
motion and the velocity acquired by a body falling through a 
given space from rest. (Peops. xxxiii. and xxxvi.) 



Let 5 be the center of force, A the point a 
from which the body begins to fall ; 

M 



SF" 



force at distance SP. 



c 
o 



^.. 




Let JPB be a semi-ellip&e, focus S and axis g 
major A SB; ADB a semi-circle, whose diameter 
is ASB ; and suppose a body revolving in the ' 
ellipse round the focus S to come to P\ bisect AB in O, draw 
DPC perpendicular to ABj and join OP, OD. 

Then the time through -iPocarea ASP oc wc^a, ASD, 
and this being true for all values of the axis minor will be 
true when it is diminished without limit, in which case the 
ellipse coincides with the axis major and the point P with C\ 
or the body is moving in the straight line AC; the point B 
also coincides with S, since AS. SB « (^ axis minor)^; and 
since space due to velocity at ^ s ^ chord of curvature at A 

1 or 11 (*^x'8 minor)- , , , 

through S ^ -^ latus rectum = 'jd~ " ^^' "^^ body 

begins to move from rest at A. 

Hence time from rest through AC oc area ABDy 

time Through AC area ABD 



time through J£(= ^periodic time in ellipse) semi-circle ABD ' 
.-. time through ^C' = ^ ^5. i-^iil(^t£^ 



= \^—.(AD + CD). 



~M 



(i2 



Again, velocity at P 



-VZ 



HP 



JO SP 



(Prop. XVI.) and when 



the ellipse coincides with the axis major, 



velocity at C 



" ^ AS' BC 



= \/¥ 



AC 



AS SC 



10. Force varies as distance. To Jind the time of 
motion and the velocity acquired hy a body in failing 
through a given space from rest. (Prop, xxxviii.) 

Let S be the center of force, A the place 
from which the body begins to fall : on AB 
= 2 AS describe a semi-ellipse APB^ and a 
semi-circle ADB, and let a body moving in 
the ellipse come to P. Draw DPC perpendi- 
cular to AB, and join SP9 SD. 

Then time through AP oc area ASP 
oc area ASD9 and this being true, whatever be ^ 
the axis minor of the ellipse, will be true when it is dimin- 
ished without limit, in which case the body will be at C, 
having fallen from rest at A, 

.-. time through AC oc area ASD 

time through AC 
time through AS(= ^ periodic time in a circle) 

sector ASD 




^ area of a circle ' 



TT ^AS.AD 



.'. time through AC = 7= . , r-r: 



AD 

ASsT^ 
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Again, let SE be the semi-axis minor, 
then vel. at P= semi-conjugate at P . \/fi. (Prop. x. Cor. I). 

.-. vel. at C = y/JS"" - SC . \/m 

11. If the velocities of two fpodies^ otie of which in 
fatting directly towards a center of force^ and the other 
describing a curve about that center^ be equal at any equal 
distances^ they will always be equal at equal distances. 
(Prop. XL.) 

Let S be the center of force, and let 
oie of the bodies be moving in the straight 
fine APS and the other in the curve AQq; 
with radii SQj Sq describe the circular arcs 
QP, qp : let SQ cut pq in m, and draw mn 
perpendicular to Qq ; and suppose the velo- 
cities of the bodies at P and Q to be equal. 



Since the centripetal forces at P and Q 
are equal, Pp, Qm may be taken to repre- 
sent them : Pp is wholly eflPective in acce- 
lerating P, but the effective part of Qm 
is Qn^ nm being wholly employed in retaining the body in 
the curve. Also since the velocities at P and Q are equal, 
the times of describing Pp and Qg, when the spaces are 
diminished indefinitely, are proportional to Pp and Qq ; hence 

force at P : force at Q = Pp : Qn 

and time through Pp : time through Qq = Pp : Qq ; 

.*. velocity acquired at p : velocity acquired at q 

--Pp" : Qn.Qq^Qm!' : Qn,Qq 

= 1:1, 

and the same may be shewn at all corresponding points 
equally distant from *?, therefore. If the velocities, S^c 




ERRATA. 



Page I, in the lact line but one, afiter ^'then** insert ^tbe ntio of. 
_ 16 line 2, far RQr read RQq. 

— 29 — 10, /or chords read cfaofd. 

— fiO — B, for NR read NQ. 
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